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ABSTRACT
Objective: This paper aims to compare various Bayesian joint models based on the accelerated
failure time distributions in analyzing longitudinal observations on CD4 cell counts as growth
measurements and time-to-death events of HIV/AIDS patients. Three accelerated failure time
distributions, namely, Weibull, lognormal and loglogistic distributions are considered.
Methods: We consider a total of 354 random sample of HIV/AIDS patients who had been under
ART follow-up at Shashemene Referral Hospital in Ethiopia from January 2006 to December 2012.
Linear mixed effects model is used for the longitudinal outcomes (square root of CD4 cell counts)
with normality assumption, while three parametric accelerated failure time distributions are studied
for the time-to-event data. The Bayesian joint models are defined with association parameters and
analyzed using Gibbs sampler algorithm. Non-informative prior distributions are assumed. The
model selection criteria DIC is employed to identify the model with best fit to the data. Another data
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set obtained by similar setting is also further analyzed using same models.
Results: Both data sets reveal hump-shaped hazard rate functions. The findings from all the
Bayesian joint models are consistent. The association parameter in each Bayesian joint model is
significant for Weibull and lognormal cases in the second data set. This implies that there is
dependence between the two processes: longitudinal CD4 cell counts and the time-to-death event
under Weibull and lognormal models. With investigation of the empirical hazard function and the
DIC criteria, the Bayesian loglogistic and Bayesian lognormal are selected for the first and second
data sets, respectively.
Conclusions: The joint models provide consistent results with higher precision as compared to
their respective separate models. We recommend Bayesian joint AFT models for such data with
careful consideration of shape of hazard rate functions that the data reveal.
Keywords: Accelerated failure time; Bayesian joint model; CD4 cell count; HIV/AIDS; linear mixed
effects; Longitudinal; survival analysis.
improved by joint modelling. The joint models
tend to provide valid and efficient inferences [7].

1. INTRODUCTION
Globally more than 70 million people have been
infected with the HIV virus and the life of about
35 million people have died of the virus since the
start of the epidemic [1]. At the end of 2015, it is
estimated that 36.7 million (34.0 - 39.8 million)
people live with the HIV. Although the burden of
the epidemic vary considerably between
countries and regions, the Sub-Saharan Africa
remains the most severely affected region
accounting for nearly 70% of the people living
with HIV worldwide. Antiretroviral therapy (ART)
has a tremendous impact in improving the quality
of life of the patients.

The AFT models such as Weibull, lognormal,
loglogistic, Gamma and Gompertz probability
distributions are studied by several researchers
[8,12]. One way of making choice among these
distributions may be based on their hazard rate
functions. Several researchers indicated survival
data of HIV infected patients under some
conditions might reveal hazard rate increasing at
beginning and then declining later [13,17]. It is
known that Weibull and Gamma have monotonic
hazard rates, while lognormal and loglogistic
have non-monotonic hazard rate functions.

In clinical and medical studies, longitudinal and
time-to-event data are considered important
measures of health, and most of the time they
arise together in practice [2,3]. Longitudinal
observations such as CD4 cell counts are
obtained from repeated measurements on the
HIV/AIDS patients at a series of time points. The
related data on time-to-death event describe the
length of time for occurrence of the event on
each individual patient during a specified study
period. The event time depends on the disease
markers, and so joint analysis of survival data
with related repeated measures has been fruitful
to capture the dependence [4,5].

A study by [18] disease progression and survival
status of adult HIV/AIDS patients under ART
follow-up at a hospital. The authors used the AFT
Weibull model in Bayesian joint model settings.
The authors recommended the Bayesian joint
models instead of the respective separate
analysis of the data. In this study, we further
analyze same data using three AFT models:
Weibull,
lognormal,
loglogistic
probability
distributions, and compare the joint models under
Bayesian settings. Linear mixed effects model is
used for the longitudinal measures of CD4 cell
counts. The two models are linked by two
random effects that are generated by the
longitudinal process. The Bayesian modelling of
joint processes is a current research area.

In survival analysis, the proportional hazard
models are often used. However, when the
proportional hazard assumption is violated, the
parametric accelerated failure time (AFT) models
are to be used alternatively [6]. Main advantage
of using AFT models is that the interpretation of
risk factors on the failure time is easier, as it
regresses logarithm of survival time on to
covariates and random effects. Many methods
exist for analyzing longitudinal and survival data
separately. But separate analyses of such data
may lead to inefficient results. This can be

2. DATA DESCRIPTION
2.1 Data 1
The first data set on CD4cell counts and survival
time are collected for randomly selected 354
adult HIV/AIDS patients under follow-up over the
time period from January 2006 to December
2012 at Shashemene Referral Hospital. Patients
who are below 16 years and those who started
2
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is assumed independent of  and  =1 if the
event is observed,  =0 otherwise.

ART follow-up before January 2006 or after
December 2012 are excluded from the study.
3
The CD4 cell counts per mm of blood sample
are measured every six month. It is measured
repeatedly for each patient under ART follow-up
as indicator of progression of the disease over
time. The associated survival data are taken with
observed time of death event and these are right
censored data.

Let the covariates of the longitudinal and survival
processes be respectively denoted by  and
 . Some of these covariates may be time
dependent.

3.1 Linear Mixed Effects Model
Longitudinal CD4Cell Counts

Predictor
variables
considered
for
the
longitudinal response are: visit time, square of
visit time, sex (0 female, 1 male), functional
status (0 working, 1 ambulatory, 2 bedridden),
alcohol use (-1 no, 0 no opinion, 1 yes), tobacco
use (-1 no, 0 no opinion, 1 yes), number of
opportunistic infections. Predictors for the
survival time are: TB infection status at baseline
(0 negative, 1 positive), awareness about ART (0
no, 1 yes), condom use (0 not use always, 1 use
always), number of opportunistic infections, and
number of living rooms at home.

for

The linear mixed effects model is often applied to
handle longitudinal data analysis [19,2]. Given k
vector of predictors  , the linear mixed effects
model is given as:
 =    +    + 

(1)

where    is mean response which is a linear
function of  ,    is subject specific
random effects having Gaussian distribution, and
 ~(0,1/"# ) is a sequence of mutually
independent measurement errors.

2.2 Data 2

3.2 Survival Models

The second data set is obtained from Bale Robe
General Hospital for adult HIV/AIDS patients
under follow-up from January 2008 to March
2015. Patients who had at least three CD4
measurements after the first report of HIV
diagnosis are eligible for the study. Both data
sets are collected with similar settings. Data on
repeatedly measurement of CD4 counts and
associated survival data are obtained.

Accelerated
failure
time
models are
parametric models that provide alternatives to
the proportional hazard model for the analysis of
survival data [19,2,6,10]. The AFT models
assume the direct effect of the covariates on the
survival time instead of the hazard rate. Given a
vector of p predictors  , the log-linear form of
the AFT model for survival time  is given as:
′
$%&(  | ) = (
) +  ( ) + *

Predictors considered for the longitudinal
response are: visit time, square of visit time, sex,
age, weight and number of opportunistic
infections. For survival, age, weight, functional
status, tobacco, and condom use are used.

(2)

where + is a vector of unknown and fixed
coefficient of the covariates,  () refers to
subject specific random effects of the survival
time having Gaussian distribution, * is a
sequence of mutually independent measurement
errors. * follows a distribution such that the
time-to-event, in this case, Weibull, lognormal
and loglogistic distributions. If the error has
normal distribution, the time is lognormal, and the
error has logistic distribution, the time is
loglogistic. The Weibull distribution arises as a
general linear form of the smallest extreme value
distribution [10].

3. STATISTICAL MODEL
The joint models are defined as in [19,2]. The
longitudinal and survival process are lined
through stochastic dependence. Consider that
we have a set of n patients followed over a time
interval [0,T). The ith patient provides a set of
longitudinal measurements  as square root of
CD4 cell counts at a follow-up time  of visit
 = 1, 2, ⋯  with  number of follow-up of
patient = 1, 2, ⋯ , .

The three AFT models considered in this study
are
Weibull,
lognormal
and
loglogistic
distributions. Table 1 lists their probability
densities, cumulative distributions, hazard rate
functions and survival functions.

For the survival data, let  =  ( ,  ) be the
observed time for the ith patient, where  is timeto-death event and  is the censoring time which

3
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Table 1. List of accelerated failure time distributions
AFT model
Weibull
Lognormal

Parameter
1, 2 = 345
, :

Loglogistic

1, 2 =  45

-(.)
2154 678(−25 )
:
√:
exp @− Aln() − ln ()D E
2
t
√2π
2154
(1 + 25 )

/(.)
2154
F()
G()
2154
1 + 25

0(.)
678(−25 )
ln() − 
1−ΦH
I
1/√:
1
1 + 25

The parametric links to the covariates and random effects are as follows. The Weibull and loglogistic
take same forms.
′
′
TK ~ 6 LM$$1, 2 () with $%&2 () = −1A(
) +  ()D or $%&3 () = (
) +  ()
′
TK ~ N%& %OP$( (t), τ) with $%&( ()) = ( ) +  (),
′
′
TK ~ N%&$%& Q 1, 2 (t) with $%&2 () = −1A(
) +  ()D or $%& () = (
) +  ()

terms in model (1). The variables W and W are
assumed
independent
latent
variables
representing subject-specific random effects
having normal distributions with mean zeros and
precisions :X and :X . In addition to HIV/AIDS,
Prostate Cancer also one of the joint modeling
application area in health sciences [5].

Thus, for example, the Weibull event intensity or
hazard rate at time  is expressed as:
S
ℎ() = 2154 = 1 54 678(−1A(
) +  ()D)

It is known that Weibull hazard rate function is
monotonic: decreasing when the shape
parameter 1 < 1 , increasing when the shape
parameter 1 > 1 , and constant when 1 = 1.
Loglogistic and lognormal distributions have
hazard rate functions that are hump-shaped that is increasing to reach a peak and then
declining over time [9,10,12,20].

3.4 Bayesian Joint Model
Bayesian methods are applied in many
applications [20]. Using the usual joint modeling
assumptions, subject specific latent variables
induce random effects from longitudinal
measures to survival observations. Then both
sets of observations  and
are conditionally
independent given the random effects  =
A ,  D and model parameters Y = AY , Y D, and
then the joint density function of the two
observations is given as:

3.3 Joint Model
The linear mixed effects model for the
longitudinal process in equation (1) and the AFT
model for the time-to-event in equation (2) are
linked through random effects. The joint models
are defined as in [19,2,6]. The association
between the two processes comes through
stochastic dependence between  () and
 () within a patient but assumed independent
across different patients.

F(Z, , |Y , Y , [ , [ ) =
\ F(Z|Y , [ ) F(, |Y , [ ) F([ |[ ) F([ ) ][ ][
(5)
3.4.1 Likelihood function

We assume there is a stochastic dependence
between these two processes through the
random effects  and  as follows:
 () = W + W 

 () = O W + O W

The respective likelihood function of interest is:
N(Z, , |Y , Y )
=^

(3)

a

b

\ F(Z |(Y , [ ) F( ,  |(Z , Y , [ )_`

(1 − c ,  dZ , e , [ )4_`  F([ |[ ) F([ ) ][ ][

(4)

(6)

The parameters O , O measure the association
between the two sub-models (1) and (2) that is
expected to be induced by the longitudinal
process to the time-to-event process. They
represent random intercept and random slope


Y = Af, "ghi
, "X D
are
population
where
parameters in the linear mixed effects model,
Y = A), "j , OD are the population parameters in
the survival model, f are regression parameters

4
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in the mixed effects model, "ghi
is the variance
of the transformed CD4 cell count, "X are the
variance of subject specific random effects, ) are
regression coefficients in the AFT model, "j is
the variance of the transformed event time, O
represent the association parameters O , O . And
F(7) and c(7) are probability density and
distribution functions, respectively.

observations given that it best fits to the data at
hand.
DIC involves posterior mean that takes into
account prior information and penalized
likelihood. It is computed as:

Non-informative joint prior distribution k(Y, [) of
the parameters are considered: f ′ Q and )′Q are
normally distributed with mean zero and large
variance 1000, i.e. small precision 0.001;
association parameters O , O are each assumed
to have normal distribution with mean zero and
variance 1000, i.e. small precision 0.001; the
shape parameter 1 in Weibull and loglogistic
distributions follows nPP(2,0.5); all precisions
follow nPP(2,0.5).

(9)
(10)

where p is the number of parameters in the
model and n is the sample size. The models
used in this study involve random effects and so
the DIC is more relevant for the model selection.

The joint posterior distribution k(Y, [|Z, , ) of
model parameters Y and random effects  is
given by:
p(q,j|r,s) t(r,s)

AIC = EzD(Y) | data] + 28

BIC = EzD(Y) | data] + 8 $%&(n)

3.4.3 Posterior distribution

\ p(q,j|r,s) t(r,s)ur us

(8)

D(e) = −2 $%&(Likelihood(e|data)) is
where
deviance and EzD(e) | data] is the posterior
mean of the deviance and 8| is effective number
of parameters. The AIC and BIC are computed
as follows:

3.4.2 Prior distribution

k(Y, [|Z, , ) =

DIC = EzD(e) | data] + 8|

4. RESULTS AND DISCUSSION
4.1 Case Study I
In the first data set considered 354 HIV/AIDS
patients among which 58.5% are females and
41.5% are males. For the longitudinal data, the
average baseline CD4 cell counts is estimated to
be 156.58 per mm3 of blood with standard
deviation of 92.54. For the survival data, 94.1%
are censored while 5.9% are dead. The average
survival time of the patients is estimated to be
48.69 months with standard deviation of 21.27.

(7)

where F(Z, |Y, [) is the likelihood function,
k(Y, [) is the joint prior probability distribution,
and the \ F(Z, |Y, [) k(Y, [)]Y ][ is the
normalizing constant. It is a high dimensional
problem that requires modern computations.
Thus inference is based on the Gibbs sampler
algorithm using full conditional distributions of the
parameters. The Gibbs sampler algorithm is
implemented in the WinBUGS software version
14.3 [22]. Inferences are made based on
simulation of 60000 iterations with burn-in of
25000 and thinning of 10. Time series plots,
autocorrelations and Gelman-Rubin statistics are
assessed and they all confirm convergences
[23].

The proportional hazard assumption fails as the
covariates such as opportunistic infection, TB
status, knowledge about ART and condom use
are found to be time dependent. Fig. 1 shows
plots
of
Schoenfeld
residuals
against
transformed time for each covariate. There is a
systematic departure from a horizontal line that
indicates violation of the proportional hazard
assumption.

3.5 Model Selection

4.1.1 Empirical hazard rates

In this study, we compare the three Bayesian
joint models with the AFT Weibull, lognormal,
loglogistic probability distributions using the
deviance information criterion (DIC), Akaike's
information criterion (AIC) and Bayes information
criterion (BIC). The DIC is a Bayesian alternative
to the other two criteria [21,22]. It measures how
best the selected model can predict future

The empirical hazard rate estimates of both data
sets are plotted in Fig. 2. They show nonmonotonic or hump-shaped behaviors of the
hazard rates, showing suitability of lognormal
and loglogistic models instead of Weibull in
analyzing these data sets. The maximum hazard

5
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Fig. 1. Plots of scaled Schoenfeld residuals versus follow-up time
:X ~nPP(2,0.5),
:X ~nPP(2,0.5), :ghi ~nPP(2,0.5).

0.004

rate for Data 1 is estimated to be 0.001508 at
time 56.186 months or 4.682 years. For Data 2,
the maximum hazard rate is about 0.001971 at
time 29.678 months or 2.473 years. The results
indicate that the patients under follow-up at Bale
Robe General Hospital might have higher event
intensity as compared to those at Shashemene
Referral Hospital.

The posterior means of the parameters, standard
deviations, Monte Carlo errors, and 95% credible
intervals are estimated.
The simulation of the posterior distribution is
made using the Gibbs sampler algorithm and
produced three realizations of each 60000
iterations with different initial states. A burn-in of
25000 iterations is considered and convergence
diagnoses are assessed. Inferences are then
made based on independent samples taken.

0.002

4.1.3 Random effects and
association parameters

0.001

Hazard Rate

0.003

Data 1
Data 2

20

40

60

of

For Data 1, the results show that association
parameters O and O are not significant in the
Weibull, lognormal and loglogistic cases. There
is no significant association between the
longitudinal and survival processes with the data
and the joint models considered. See the results
in Table 2.

0.000

0

properties

80

Follow-up Time

Fig. 2. Plots of empirical hazard rates
estimated from data 1 and Data 2
4.1.2 Inferential analysis

4.1.3.1 Weibull case
The subject-specific random effects U and U
are found to be significant as τ̂  = 0.107,
95% CI(0.087, 0.130)
and
τ̂  = 2.435,
95% CI(1.825, 3.204) each is having 95%
credible interval that does not contain zero. The
variances of the random effects are estimated to
be about 9.346 and 0.411, respectively, and are

The Bayesian joint AFT analysis involves the
random effects  = W + W ∗  in the
longitudinal and  = O ∗ W + O ∗ W in the
time-to-event models. Prior distributions used are
f ~%OP$(0,0.001) , ) ~%OP$(0,0.001) ,
1~nPP(2,0.5)
,
: ~nPP(2,0.5)
,
O ~%OP$(0,0.001) , O ~%OP$(0,0.001) ,
6
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consistently the same
loglogistic cases too.

in

lognormal

and

estimates of the association parameters are
r = 0.00021, 95% CI (−0.00281, 0.00318
and
r = −0.00031, 95% CI(−0.016, 0.017) These are
not significant. Their correlation is %OO(Ô , Ô ) =
−0.283 which is negative. They have weaker
than that of Weibull case.

Under the Bayesian joint Weibull model, the
posterior estimates of the association parameters
are r = −0.003, 95% CI (−0.014, 0.0087) and
r = 0.016, 95% CI (−0.060, 0.0898) . They are
not significant. Their correlation is Corr(r , r ) =
−0.444 , indicating that the association
parameters r and r are negatively correlated.

4.1.3.3 Loglogistic case
The subject-specific random effects U and U
are again significant. The posterior estimates of
the association parameters are r = 0.00098,
95% CI (−0.0095, 0.011) and r = −0.00130,
95% CI(−0.059, 0.058) . They are negatively
correlated with %OO(Ô , Ô ) = −0.311. Hence the
correlations are all negative with strength from
lowest to highest for loglogistic, Weibull and
lognormal.

4.1.3.2 Lognormal case
The
subject-specific
random
effects U
and
U
are
again
significant:
τ̂  = 0.107, 95% CI(0.088, 0.12 and τ̂  = 2.433,
95% CI(1.824, 3.204). Their variances are about
9.346 and 0.411, respectively. The posterior

Table 2. Bayesian parameter estimations of the joint models based on data 1 (Case Study I)
AFT model
BJ-Weibull

BJ-Lognormal

BJ-Loglogistic

*

Parameter
1
:ghi
:X
:X
O
O
Corr(O , O )
:ghi
:X
:X
:
O
O
Corr(O , O )
1
:ghi
:X
:X
O
O
Corr(O , O )

Mean
4.094
0.106
0.107
2.435
-0.003
0.016
-0.444
0.106
0.107
2.433
12.500
0.00021
0.00031
-0.283
6.790
0.107
0.107
2.412
0.00098
-0.00130
-0.311

significant at 5% significant level;

SD
0.169
0.004
0.011
0.354
0.006
0.038

MC Error
0.002911
0.000053
0.000162
0.006246
0.000103
0.000798

95% CI
(3.765, 4.439)*
(0.099, 0.113)*
(0.087, 0.130)*
(1.825, 3.204)*
(-0.014, 0.0087)
(-0.060, 0.0898)

0.004
0.011
0.355
0.937
0.002
0.009

0.000048
0.000184
0.008810
0.012220
0.000234
0.000189

(0.0995, 0.114)*
(0.088, 0.129)*
(1.824, 3.204)*
(10.740, 14.430)*
(-0.0028, 0.0032)
(-0.016, 0.017)

0.308
0.0035
0.011
0.350
0.005
0.029

0.004860
0.000060
0.000246
0.012430
0.000095
0.000773

(6.215, 7.410)*
(0.0998, 0.114)*
(0.088, 0.130)*
(1.796, 3.171)*
(-0.0095, 0.011)
(-0.059, 0.058)

**

significant at 10% significant level

Table 3. Model comparison among the Bayesian joint models for both case studies
Model
BJ-Weibull
BJ-Lognormal
BJ-Loglogistic

Dbar
15044.9
15049.1
15013.5

Dhat
14575.6
14577.8
14541.8

Model
BJ-Weibull
BJ-Lognormal
BJ-Loglogistic

Dbar
13369.7
13378.8
13409.9

Dhat
12891.3
12892.3
12932.9

Data 1
pD
469.3
471.3
471.7
Data 2
pD
478.4
486.5
477.0
7

DIC
15514.2
15520.4
15485.3

AIC
15086.9
15091.1
15055.5

BIC
15168.2
15172.4
15136.8

DIC
13848.0
13865.3
13886.9

AIC
13407.7
13416.8
13447.9

BIC
13481.2
13490.3
13521.4
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4.1.4 Ancillary parameters in the AFT models

4.1.6 Effects of covariates under Bayesian
Loglogistic model

 = 4.094,
Weibull shape parameter is estimated ρ
95% CI (3.765, 4.439) ; lognormal precision is
τ̂ = 12.50, 95% CI (10.740, 14.430) ; loglogistic
shape
parameter
is
 = 6.79, 95% CI (6.215, 7.410). Precision of the
ρ
CD4
measure
is
about
τ̂ i = 0.106, 95% CI (0.099, 0.113) . These are
all significant at 0.5 level.

The results from BJ-Loglogistic regression
analysis show that the overall mean is significant
in the longitudinal process with estimates and
0.95 credible interval {13.660 (13.060, 14.260)}.
The covariates having significant effects on CD4
measure are: visit time {2.234 (2.052, 2.402)},
square of visit time {-0.129 (-0.149, -0.109)}, sex
male {-0.916
(-1.644,-0.141)}, and tobacco
use {1.097 (0.187, 2.021)}. The functional status,
alcohol use, number of opportunistic infection are
not significant. The positive coefficient of the visit
time suggests positive effect of increasing CD4
measure under the ART follow-up. The
parameter estimate for the square of visit time is
negative, indicating a non-monotone effect of
follow-up time on CD4 counts of the patients.
Male patients are found to have lower disease
marker than the females. Tobacco use is
positively related that might indicate those
severely sick patient tend to smoke.

4.1.5 Model comparison
Analysis of Data 1 for model comparison are
given in Table 3. Estimates of total DIC for the
three models are 15514.20 for BJ-Weibull,
15520.40 for BJ-Lognormal, and 15485.30 for
BJ-Loglogistic models. The Bayesian loglogistic
joint model has the smallest total DIC, hence it is
considered final model for the first data set.
Fortunately, the hazard rate of loglogistic
distribution behaves like that of the empirical
hazard rates.Sign of the coefficients of the
covariates and association parameters are
consistent under all the models analyzed in this
study.

From the survival sub-model, the intercept term
is significant with estimates and 0.95 credible
interval {3.996 (3.924, 4.068)}. And the

Table 4. Results of analysis of data 1 obtained from using BJ-Loglogistic model
Mean
13.660
2.234
-0.129
-0.916
-0.430
-0.880
1.097
0.049
3.996
-0.247
0.277
-0.361
0.0047
0.0055
6.790
0.107
0.107
2.412
0.00098
-0.00130
-0.311
15485.30

Parameter
f
fj
fj 
f ¡
fpXa
f ¡¢
fj
f
)£
)j
) ¤j
)¢au
)¤¥
)
1
:ghi
:X
:X
O
O
Corr(O , O )
Total DIC
*

SD
0.313
0.087
0.010
0.375
0.326
0.564
0.560
0.090
0.036
0.038
0.020
0.033
0.012
0.006
0.308
0.0035
0.011
0.350
0.005
0.029

significant at 5% significant level;

MCE
0.010370
0.001783
0.000209
0.012390
0.010990
0.018260
0.018880
0.002914
0.001279
0.000709
0.000458
0.000962
0.000367
0.000139
0.004860
0.000060
0.000246
0.012430
0.000095
0.000773

**

95% CI
(13.060, 14.260)*
(2.052, 2.402)*
(-0.149, -0.109)*
(-1.644, -0.141)*
(-1.087, 0.199)
(-1.999, 0.229)
(0.187, 2.021)**
(-0.127, 0.224)
(3.924, 4.068)*
(-0.322, -0.174)*
(0.238, 0.318)*
(-0.427, -0.297)*
(-0.019, 0.029)
(-0.008, 0.018)
(6.215, 7.410)*
(0.0998, 0.114)*
(0.088, 0.130)*
(1.796, 3.171)*
(-0.0095, 0.011)
(-0.059, 0.058)

significant at 10% significant level
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4.2.2 Random effects and
association parameters

covariates TB infection status at baseline {-0.247
(-0.322, -0.174)}, awareness about ART {0.277
(0.238, 0.318)}, and condom use {-0.361(-0.427,
-0.297)} are significant. The number of
opportunistic infection and the number of living
rooms are not significant. TB infection at baseline
declines the survival time HIV/AIDS patient.
Awareness about ART affect survival time
positively related. But condom use of among the
patients is negatively related to survival time that might indicate those severely sick ones tend
to condom during sex.

properties

of

For Data 2, the results show that association
parameters O and O are significant in some
cases. There is significant association between
the longitudinal to survival processes. See the
results in Tables 5 and 6. Sign of the coefficients
of the covariates and association parameters are
consistent under all the models analyzed.
The subject-specific random effects U and U
under BJ-Lognormal model are significant:
τ̂  = 0.103 (0.084, 0.127)
and
τ̂  = 1.306 (0.918, 1.905) .
The
precision
parameter
is
estimated
to
be
:̂ghi = 0.101 (0.093, 0.109) . These parameters
are consistently estimates under both Weibull
and Loglogistic cases as well. Moreover, the
posterior estimates of the association parameters
are r = 0.0055 (0.00096, 0.010) and r =
−0.017 (−0.040, 0.0036) . Here r is significant
while r is not. Their correlation is %OO(Ô , Ô ) =
−0.484 which is negative. The correlation is
strongest compared to that of Weibull case (0.472) and loglogistic case (-0.0031). Similarly in
the Weibull case, r and r are not significant but
it is significant when r = r in the model.
However, they are not significant in the case of
loglogistic. Strength of correlation from lowest to
highest for loglogistic, and lognormal, in same
order as in the first case study.

4.2 Case Study II
For Data 2, the average number of baseline CD4
counts is about 177.6 per mm3 of blood sample
with standard deviation of 104.8. Among the 400
sample of patients considered 88.5% of them are
censored while 11.5% are dead.
4.2.1 Model comparison
Analysis of Data 2 for model comparison
estimations are given in Table 3.
Estimates of total DIC for the three models
are 13848.0 for BJ-Weibull, 13865.3 for
BJ-Lognormal, and 13886.9 for BJ-Loglogistic
models.
Hence
the
BJ-Weibull
model
best fits to the data. However, the Weibull
hazard rate has monotonic behaviour that
does not match with the empirical hazard rate
that is revealing hump-shaped. Thus the
lognormal model, with next smallest DIC, is
suggested for analyzing Data 2. Analysis
with the BJ-Lognormal model is displayed in
Tables 5 and 6.

=
Weibull shape parameter is estimated ρ
2.99 (2.757, 3.240) , and loglogistic shape
 = 4.285 (3.946, 4.632). These are
parameter is ρ
all significant at 0.5 level. The shape parameters
and the precision of the CD4 measure here are
lower than those obtained in the first case study.

Table 5. Bayesian parameter estimations of the joint models based on data 2 (Case study II)
AFT Model
BJ-Weibull

BJ-Lognormal

BJ-Loglogistic

Parameter
1
O
O
Corr(O , O )
:
O
O
Corr(O , O )
1
O
O
Corr(O , O )

Mean
2.990
0.012
-0.011
-0.472
6.330
0.0055
-0.017
-0.484
4.285
0.0022
-0.091
-0.0031
*

SD
0.122
0.007
0.036

MCE
0.002047
0.000125
0.000647

95% CI
(2.757, 3.240)*
(-0.0023, 0.026)
(-0.085, 0.055)

0.508
0.002
0.011

0.012000
0.000077
0.000446

(5.407, 7.447)*
(0.001, 0.010)*
(-0.040, 0.0036)

0.177
0.021
31.410

0.002734
0.000654
0.527000

(3.946, 4.632)*
(-0.040, 0.042)
(-62.17, 60.86)

significant at 5% significant level
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4.2.3 Effects of covariates
Lognormal model

under

BJ-

study are AFT lognormal and loglogistic which
are in line with the finding with [12]. Other
researchers [13,16] found that in resource-poor
countries access to antiretroviral therapy has
improved during the last years and mortality
rates among treated patients have declined
significantly. However, compared to patients in
high-income countries, patients in resource-poor
countries are at higher risk of death in the early
months of treatment.

Under the BJ-lognormal analysis of Data2, all the
covariates included for the longitudinal part: visit
time, square of visit time, sex, age, weight, and
number of opportunistic infections are significant
at 0.05 level. The results are given Table 6. The
intercept term is significant. Visit time has
positive effect on the AIDS progression. The
square of visit time has negative effect. Male
patients are found to have lower disease marker
Effect of age and number of opportunistic
infections on the CD4 measure are negative,
while that of weight is positive.

The effects of covariates identified in this study
are fairly consistent with the previous findings.
For example [17] in study at South Africa found
that risk of death is associated with low baseline
CD4 cells count and WHO stage IV with majorly
attributed causes of death to be tuberculosis,
acute bacterial infections, and failure to immune
reconstitution.

For survival part, the intercept term, age,
functional status and tobacco use are significant.
Weight and condom use are not significant. Age
has negative effect on survival time as it does on
the CD4 cells counts. Better functional status is
related to increase in survival time. Tobacco use
is positively related.

The three Bayesian models based on the AFT
Weibull, lognormal, loglogistic distributions are
developed and studied. The findings about the
association parameters in the joint models are
consistent with results found by [18] who studied
disease progression and survival time of
HIV/AIDS patients in Ethiopia. The Bayesian joint
models are recommended in this study to
analyze such data.

Moreover, the hump-shaped hazard rates
behavior of the second data is 29.7 months. This
is similar to the finding by [11] - estimating the
hazard rate reaching a peak of 27.6 months for
HIV/AIDS patients in the San Francisco Cohort.
The two models selected in this comparison

Table 6. Results of analysis of data 2 obtained from Bale Robe General Hospital using BJLognormal model as final model
Parameter
f
fj
fj 
f ¡
f ¦
fsj
f
)£
) ¦
)sj
)pXa
)j ¢
)¢au
:
:ghi
:X
:X
O
O
Corr(O , O )
Total DIC

Mean
13.930
3.098
-0.284
-1.027
-0.534
0.716
-0.615
1.273
-0.011
0.009
0.019
0.092
-0.031
6.330
0.101
0.103
1.306
0.0055
-0.017
-0.484
13865.30

SD
0.262
0.125
0.023
0.401
0.190
0.198
0.191
0.014
0.0055
0.0052
0.0071
0.011
0.0062
0.508
0.004
0.011
0.248
0.0023
0.011

MCE
0.006944
0.002212
0.000629
0.010030
0.004928
0.005424
0.006001
0.000601
0.000114
0.000083
0.000281
0.000328
0.000133
0.01238
8.568E-5
2.593E-4
0.009248
7.717E-5
4.463E-4

*

significant at 5% significant level
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95% CI
(13.42, 14.46)*
(2.853, 3.346)*
(-0.328, -0.241)*
(-1.835, -0.260)*
(-0.908, -0.165)*
(0.335, 1.103)*
(-0.995, -0.243)*
(1.245, 1.300)*
(-0.022, -0.00049)*
(-0.0015, 0.019)
(0.0045, 0.032)*
(0.071, 0.112)*
(-0.043, -0.019)
(5.407, 7.447)*
(0.093, 0.109)*
(0.084, 0.127)*
(0.918, 1.905)*
(0.00096, 0.010)*
(-0.040, 0.0036)
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this study. Our gratitude goes to Professor
Arnoldo Frigessi, Department of Biostatistics,
University of Oslo, for his valuable comments on
the draft document.

5. CONCLUSIONS
The objective of this study is to develop study
three Bayesian joint AFT models involving
Weibull, lognormal, log logistic distributions. Two
data sets are considered for which we found
insignificant dependence for the first data and
significant dependence between the longitudinal
and time-to-event processes for the second
study. The best fitting models to the data sets are
different: log logistic for the first data and
lognormal for the second one. The shape
parameters and the precision of the CD4
measure are all lower in the second data than
those obtained in the first data. It is important to
consider hazard rate functions while modelling
such failure time data.
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